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RIGIDITY OF DETERMINANTAL POINT PROCESSES ON THE
UNIT DISC WITH SUB-BERGMAN KERNELS
YANQI QIU AND KAI WANG
Abstract. We give natural constructions of number rigid determinantal point processes
on the unit disc D with sub-Bergman kernels of the form
KΛ(z, w) =
∑
n∈Λ
(n+ 1)znw¯n, z, w ∈ D,
with Λ an infinite subset of the set of non-negative integers. Our constructions are given
both in a deterministic method and a probabilistic method. In the deterministic method,
our proofs involve the classical Bloch functions.
1. Introduction
The present paper is devoted to investigate the existence of some non-trivial and natural
number rigid determinantal point processes over bounded domains in the complex plane.
1.1. Determinantal point processes. Let us first recall some notations and concepts of
determinantal point processes. LetM be a locally compact and complete separable metric
space equipped with a σ-finite non-negative measure µ. Denote by Conf(M) the space of
configurations over M which consists of non-negative integer-valued Radon measures on
M . The topology of vague convergence on the set of Radon measures makes Conf(M) a
Polish space. We call any Borel probability measure P on Conf(M) a point process onM .
A point process P on M is called determinantal if it admits a reproducing kernel function
K : M ×M → C such that
EP
[ n∏
i=1
(#Bi)!
(#Bi − ni)!
]
=
∫
B
n1
1 ×···×B
nm
m
det
[
K(xi, xj)
]n
i,j=1
dµ(x1) · · · dµ(xn)(1.1)
for any disjoint bounded Borel sets B1, · · · , Bm, m ≥ 1, ni ≥ 1, n1 + · · ·+ nm = n. Here
the counting function #B : Conf(M)→ N = {0, 1, 2, · · · } is defined by #B(X) =
∫
B
dX
for any X ∈ Conf(M).
Determinantal point processes were introduced by Macchi in the early seventies to de-
scribe random fermion fields in quantum theory [15] and later developed in Soshnikov
[19, 20], Shairai-Takahashi [18] and many other authors. Determinantal point processes
appear in many branches of mathematics, such as eigenvalues of unitarily invariant ran-
dom matrices as well as the zeros of random analytic functions on the unit disc [14]. In
most interesting cases, the kernel functionK(x, y) yields an integral operator on L2(M, dµ)
of locally trace class. In the case thatK is a locally trace class operator, a characterization
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for a point process P to be determinantal and induced by K is given by the following: for
any pairwise disjoint bounded Borel sets B1, · · · , Bm and any z1, · · · , zm ∈ C, we have
EP
[ m∏
i=1
z
#Bi
i
]
= det(Id+
m∑
i=1
(zi − 1)χBiKχBi).
We refer the reader to [2, 14, 18, 19, 20] for further background and details of determinantal
point processes.
We now recall the definition of the number rigidity of point processes. For a given Borel
subset C ⊂ M , let FC be the σ-algebra on Conf(M) generated by all random variables
#B with all Borel subsets B ⊂ C. For any point process P on M , we denote by FPC
the completion of the σ-algebra FC with respect to P. A point process P on M is called
number rigid if for any bounded Borel set B ⊂ M , the random variable #B is FPM\B
measurable. This definition of number rigidity is due to Ghosh [8] where he shows that
the sine-process is number rigid and Ghosh-Peres [12] where they show that the Ginibre
process and the zero set of Gaussian analytic function on the plane are number rigid.
Bufetov[3] shows that determinantal point processes with the Airy, the Bessel and the
Gamma kernels are rigid. He indeed establishes a general theorem that rigidity holds for
the kernel on the real axis R with a mild condition of growth. For more results on the
number rigidity of point processes, we refer the reader to [4, 5, 9, 10, 11, 17, 16].
However, Holroyd and Soo showed that the determinantal point process on the unit disc
D with the standard Bergman kernel (with respect to the normalized Lebesgue measure
on the unit disc D):
KD(z, w) =
1
(1− zw¯)2
=
∞∑
n=0
(n+ 1)znw¯n
is not number rigid [13]. See also [7] for an alternative proof of this result. More generally,
among many other things, Bufetov, Fan and Qiu [6] showed that for any domain U in the
d-dimensional complex Euclidean space Cd without Liouville property (that is, there exists
a non-constant bounded holomorphic function f : U → C) and any weight ω : U → R+
locally away from zero, the determinantal point process associated with the reproducing
kernel of the weighted Bergman space L2a(U ;ω) is not number rigid.
These negative results lead us to ask whether there exist natural number rigid determi-
nantal point processes on a bounded domain of the complex plane (of course, any finite
rank orthogonal projection yields a number rigid determinantal point process, so here we
are only interested in infinite rank orthogonal projections). In this paper, we answer af-
firmatively this question with a deterministic and a probabilistic method. It also inspires
us to construct a series of examples involving lacunary series in the Bloch space.
1.2. Statements of main results. From now on, we focus on the case of unit disc D
equipped with the normalized Lebesgue measure dm. We shall consider determinantal
point processes induced by the orthogonal projection kernels (which we call sub-Bergman
kernels) of the form
KΛ(z, w) =
∑
n∈Λ
(n + 1)znw¯n,
DPP WITH SUB-BERGMAN KERNELS 3
where Λ ⊂ N = {0, 1, 2, · · · } is an infinite subset of N. Note that KΛ is the orthogonal
projection onto the following subspaces of the Bergman space L2a(D) = L
2(D) ∩Hol(D):
spanL
2(D)
{
zn
∣∣∣n ∈ Λ} ⊂ L2a(D).
To indicate the idea of our proofs, in what follows, given any f =
∑∞
n=0 anz
n, we write
Kf (z, w) =
∞∑
n=0
an(n + 1)z
nw¯n.
In particular, for a subset Λ ⊂ N, we denote
fΛ(z) =
∑
n∈Λ
zn.(1.2)
Recall the definition of Bloch space on the unit disc
B :=
{
f ∈ Hol(D)
∣∣∣‖f‖B := sup
z∈D
(1− |z|)|f ′(z)| <∞
}
.
Theorem 1.1. Let Λ ⊂ N be an infinite subset. Suppose that the function fΛ defined in
(1.2) satisfies fΛ ∈ B. Then the determinantal point process on D induced by the kernel
KΛ(z, w) = K
fΛ(z, w) is number rigid.
We have a criterion when fΛ is included in the Bloch space involving lacunary series as
follows. Let Λ = {λ1, λ2, · · · } be a subset of N with λ1 < λ2 < · · · . We say Λ lacunary if
it satisfies the gap condition
ρΛ := lim inf
k∈N
λk+1
λk
> 1.(1.3)
The following characterization was already hinted in the proof of [1, Lemma 10] by An-
derson and Shields. We remark a short proof for completeness.
Proposition 1.2. Let Λ be a subset of N. We have that fΛ ∈ B if and only if Λ is a
finite union of some lacunary subsets of N.
Now we turn to the probabilistic method. Throughout the paper, suppose that (ξn)
∞
n=0
is a sequence of independent Bernoulli random variables with
ξn =
{
1 with probability 1
n+1
0 with probability 1− 1
n+1
.(1.4)
We shall consider the random analytic function on the unit disc D:
fξ =
∞∑
n=0
ξnz
n.(1.5)
By Kolmogorov Three Series Theorem, almost surely, we have
∑∞
n=0 ξn =∞. Therefore,
for almost every realization (ξn)
∞
n=0, the kernel
Kfξ(z, w) =
∞∑
n=0
ξn(n+ 1)z
nw¯n(1.6)
is an orthogonal projection onto the following infinite dimensional subspace
spanL
2(D)
{
zn
∣∣∣n ∈ N such that ξn = 1} ⊂ L2a(D)
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and yields a determinantal point process on the unit disc D.
Theorem 1.3. For almost every realization ξ, the determinantal point process induced
by the kernel Kfξ(z, w) is number rigid.
Our probabilistic method yields indeed different construction of number rigid determi-
nantal point processes on D by the following
Proposition 1.4. Almost surely, the function fξ is not included in the Bloch space B.
Or equivalently, almost surely, the subset
Λξ := {n ∈ N|ξn = 1}
is not a finite union of lacunary subsets of N.
2. Rigidity of DPP with sub-Bergman kernels
This section is devoted to establish the existence of number rigid determinantal point
processes on the unit disc D with sub-Bergman kernels.
For a bounded measurable compactly supported function φ on D, we denote by Sφ the
additive functional on the configuration space Conf(D) defined by the formula
Sφ(X) =
∫
D
φdX.
The following sufficient condition for number rigidity of a point process is showed by
Ghosh [8] and Ghosh, Peres [12].
Proposition 2.1 (Ghosh and Peres). Let P be a Borel probability measure on Conf(M).
Assume that for any ǫ > 0, and any bounded subset B ⊆ M , there exists a bounded
measurable function φ : M → C of compact support such that φ ≡ 1 on B, and VarSφ ≤ ǫ.
Then P is number rigid.
Recall that for a point process P with an orthogonal projection kernel K(x, y) on the
unit disc D of locally trace class, we have
VarSφ =
1
2
∫
D
∫
D
|φ(x)− φ(y)|2 · |K(x, y)|2dm(x)dm(y).(2.7)
The following lemma is our key estimation.
Lemma 2.2. For any ǫ > 0 and 0 < r0 < 1, there exists a bounded measurable function
h : [0, 1)→ R of compact support on [0, 1) such that h ≡ 1 on [0, r0] and∫
[0,1)
∫
[0,1)
|h(t)− h(s)|2
1
(1− st)2
dsdt < ǫ.
We will postpone the proof for the lemma until the next section.
2.1. Rigid kernel via the Bloch functions.
Proof of Theorem 1.1. Assume that fΛ ∈ B and consider the determinantal point process
P on D induced by the orthogonal projection kernel KfΛ(z, w) = KΛ(z, w). Since fΛ ∈ B,
by [21, Thm 5.13], there exists C > 0, such that
(1− |z|)|f ′Λ(z)| ≤ ‖fΛ‖B and (1− |z|)
2|f ′′Λ(z)| ≤ C‖fΛ‖B.(2.8)
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Let φ : D→ R+ be any compactly supported bounded radial function. Then by (2.7), we
have
2VarSφ =
∫
z∈D
∫
w∈D
|φ(z)− φ(w)|2|KΛ(z, w)|
2dm(z)dm(w)
=
∫
t∈[0,1)
∫
s∈[0,1)
|φ(t)− φ(s)|2
[ ∫
α∈[0,2π]
∫
β∈[0,2π]
|KΛ(te
iα, seiβ)|2
dα
π
dβ
π
]
tsdtds.
Note that∫
α∈[0,2π]
|KΛ(te
iα, seiβ)|2
dα
2π
=
∫
α∈[0,2π]
∣∣∣∑
n∈Λ
(n + 1)tnsnein(α−β)
∣∣∣2dα
2π
=
∑
n∈Λ
(n+ 1)2(ts)2n.
Moreover, we have∑
n∈Λ
(n + 1)2(ts)2n =
∑
n∈Λ
[n(n− 1)(ts)2n−4t4s4 + 3n(ts)2n−2t2s2 + (ts)2n]
= t4s4f
′′
Λ(t
2s2) + 3t2s2f ′Λ(t
2s2) + fΛ(t
2s2).
Therefore, by (2.8), there exists C ′ > 0 such that
2VarSφ = 4
∫
[0,1)
∫
[0,1)
|φ(t)− φ(s)|2
∑
n∈Λ
(n+ 1)2(ts)2ntsdtds
= 4
∫
[0,1)
∫
[0,1)
|φ(t)− φ(s)|2
[
t4s4f
′′
Λ(t
2s2) + 3t2s2f ′Λ(t
2s2) + fΛ(t
2s2)
]
tsdtds
≤ 4C ′
∫
[0,1)
∫
[0,1)
|φ(t)− φ(s)|2
1
(1− t2s2)2
dtds
≤ 4C ′
∫
[0,1)
∫
[0,1)
|φ(t)− φ(s)|2
1
(1− ts)2
dtds.
For any ǫ > 0 and any 0 < r0 < 1, if we take hr0,ǫ to be the function appeared in Lemma
2.2 and set
φr0,ǫ(z) = hr0,ǫ(|z|),
then φr0,ǫ : D → R is a bounded measurable function of compact support such that
φr0,ǫ ≡ 1 on {z ∈ D : |z| ≤ r0} and
VarSφr0,ǫ ≤ ǫ.
Since any compact subset B ⊂ D is included in {z ∈ D : |z| ≤ r0} for some r0 ∈ (0, 1), by
Proposition 2.1, we complete the proof of Theorem 1.1 with the use of Lemma 2.2. 
Proof of Proposition 1.2. Suppose that fΛ(z) =
∑
n∈Λ z
n ∈ B. We have that
∑
k∈Λ
krk = rf ′(r) ≤
‖f‖B
1− r
.
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For any fixed integer M ≥ 2, set r = 1− 1
M
. Note that there exists c > 0 such that rk > c
for any k ≤ M . It follows that for the constant c′ = 1
c
> 0,∑
1≤k≤M,k∈Λ
k ≤
∑
1≤k≤M,k∈Λ
k
rk
c
≤ c′
∑
k∈Λ
krk ≤ c′
‖f‖B
1− r
= c′‖f‖BM.
This implies that ∑
2n≤k<2n+1, k∈Λ
1 ≤
∑
2n≤k<2n+1, k∈Λ
k
2n
≤
c′‖f‖B2
n+1
2n
≤ 2c′‖f‖B.
To ease the notations, write q := [2c′‖f‖B] + 1 and
Λeven := Λ ∩
⋃
m∈N
I2m, Λ
odd := Λ ∩
⋃
m∈N
I2m+1,
where In = {k ∈ N : 2n ≤ k < 2n+1}. Then there exist subsets {Λeveni }
q
i=1 such that
Λeven = ∪qi=1Λ
even
i , and each Λ
even
i has at most one element inside I2m and no element
included in I2m+1 for any m ∈ N. That is, each Λ
even
i is either a finite subset or a subset
which satisfies the gap condition (1.3) with the gap ratio not less than 2. This implies
Λeven is the union of at most q many lacunary subsets. The same argument also holds for
Λodd. Therefore, Λ is the union of at most 2q many lacunary subsets.
On the other hand, without loss of generality, suppose that Λ = {λ1, λ2, · · · } is a
lacunary subset with λ1 < λ2 < · · · and infk∈N
λk+1
λk
≥ 2. This implies that∑
2n≤k<2n+1, k∈Λ
1 ≤ 1, ∀n ∈ N
and hence for any r ∈ (0, 1) and any integer n ≥ 1, we have∑
2n≤k<2n+1, k∈Λ
krk ≤ sup
2n≤k<2n+1
krk ≤ 2n+1r2
n
.
Therefore, by noting ∑
2n−1≤k<2n
4rk ≥ 4r2
n
(2n − 2n−1) = 2n+1r2
n
,
for any r ∈ (0, 1), we have∑
k∈Λ,k≥2
krk =
∞∑
n=1
∑
2n≤k<2n+1,k∈Λ
krk ≤
∞∑
n=1
2n+1r2
n
≤
∞∑
n=1
∑
2n−1≤k<2n
4rk ≤
4
1− r
.
This implies that fΛ ∈ B. 
2.2. Rigid kernel via probabilistic methods.
Proof of Theorem 1.3. By the definition (1.6) of the kernel Kfξ(z, w), we have that∫
[0,2π]
|Kfξ(teiα, seiβ)|2
dα
2π
=
∫
[0,2π]
∣∣∣ ∞∑
n=0
ξn(n + 1)t
nsnein(α−β)
∣∣∣2dα
2π
=
∞∑
n=0
ξn(n+ 1)
2t2ns2n.
(2.9)
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For any compact subset B in the unit disc, there exists 0 < r0 < 1 such that
B ⊂ {z ∈ C : |z| ≤ r0}.
For such real number r0 ∈ (0, 1) and any ǫ > 0, let hr0,ǫ be the function appeared in
Lemma 2.2 and set
φB,ǫ(z) = hr0,ǫ(|z|).(2.10)
By (2.9), the definition (1.4) of the random variables ξn and the following elementary
identity
∞∑
n=0
(n + 1)xn =
1
(1− x)2
,
we obtain
E
[∫
z∈D
∫
w∈D
|φB,ǫ(z)− φB,ǫ(w)|
2|Kfξ(z, w)|2dm(z)dm(w)
]
= E
[∫
t∈[0,1)
∫
s∈[0,1)
ts|hr0,ǫ(t)− hr0,ǫ(s)|
2dtds
∫
α∈[0,2π]
∫
β∈[0,2π]
|Kfξ(teiα, seiβ)|2
dα
π
dβ
π
]
= 4
∫
[0,1)
∫
[0,1)
ts|hr0,ǫ(t)− hr0,ǫ(s)|
2
∞∑
n=0
(n+ 1)2(ts)2nEξndtds
= 4
∫
[0,1)
∫
[0,1)
|hr0,ǫ(t)− hr0,ǫ(s)|
2
∞∑
n=0
(n+ 1)(ts)2ntsdtds
= 4
∫
[0,1)
∫
[0,1)
|hr0,ǫ(t)− hr0,ǫ(s)|
2 1
(1− s2t2)2
tsdtds
≤ 4
∫
[0,1)
∫
[0,1)
|hr0,ǫ(t)− hr0,ǫ(s)|
2 1
(1− st)2
dtds
≤ 4ǫ.
Now for any integer n ≥ 1, set
φn(z) := φB,n−2(z).(2.11)
By the above computation, for each integer n ≥ 1, we have
E
[∫
z∈D
∫
w∈D
|φn(z)− φn(w)|
2|Kfξ(z, w)|2dm(z)dm(w)
]
≤
4
n2
and hence
∞∑
n=1
E
[∫
z∈D
∫
w∈D
|φn(z)− φn(w)|
2|Kfξ(z, w)|2dm(z)dm(w)
]
<∞.
Levi lemma implies that
∞∑
n=1
∫
z∈D
∫
w∈D
|φn(z)− φn(w)|
2|Kfξ(z, w)|2dm(z)dm(w) <∞, a.s.
It follows that
lim
n→∞
∫
z∈D
∫
w∈D
|φn(z)− φn(w)|
2|Kfξ(z, w)|2dm(z)dm(w) = 0, a.s.(2.12)
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Note that by (2.10), (2.11) and the property of hr0,ǫ, we know that for each n ≥ 1, the
function φn : D → R is a bounded measurable function of compact support such that
φn ≡ 1 on B. Therefore, by Proposition 2.1 and the equality (2.7), the limit relation
(2.12) implies that, for almost every realization of ξ, the determinantal point process
induced by the orthogonal projection kernel Kfξ(z, w) is number rigid. 
Proof of Proposition 1.4. Let In = (2
n, 2n+1] ∩ N and Nn =
∑
k∈In
ξk. We claim that for
any integer C ≥ 1,
lim sup
n
Nn ≥ C, a.s.
Note that for a lacunary set Λ = {λ1, λ2, · · · } with the gap ratio ρ = lim infk
λk+1
λk
> 1,
the subset Λ ∩ In has most [
log 2
log(ρ+1)/2
] + 1 elements when n is sufficiently large. More
generally, for an integer set Λ = ∪pi=1Λi with each lacunary set Λi having the gap ratio
ρi, one has that the set Λ ∩ In contains at most
∑p
i=1[
log 2
log(ρi+1)/2
] + p elements when n is
sufficiently large. Combining this with the claim, it follows that almost surely, the subset
Λξ = {k ∈ N|ξk = 1}
is not a finite union of lacunary sets.
We next prove the claim. Noting that for k ∈ In,
Prob[ξk = 1] =
1
k + 1
≥
1
2n+1 + 1
and
Prob[ξk = 0] = 1−
1
k + 1
≥ 1−
1
2n
,
we have that for a fixed integer C ≥ 1,
Prob[Nn = C] ≥
∑
A⊆In,|A|=C
(
1
1 + 2n+1
)C (
1−
1
2n
)2n−C
=
(
2n
C
)
1
(1 + 2n+1)C
(
1−
1
2n
)2n−C
.
Note that
lim
n→∞
(
2n
C
)
1
(1 + 2n+1)C
= lim
n→∞
2n(2n − 1) · · · (2n − C + 1)
C!(1 + 2n+1)C
=
1
2C C!
and
lim
n→∞
(
1−
1
2n
)2n−C
= lim
n→∞
{[1−
1
2n
]2
n
}
2n−C
2n =
1
e
.
Therefore, there exist an integer M and β > 0 such that for n > M ,(
2n
C
)
1
(1 + 2n+1)C
(
1−
1
2n
)2n−C
> β.
This implies that, for any integer n > M ,
Prob[Nn ≥ C] ≥ Prob[Nn = C] > β
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and hence
∞∑
n=0
Prob[Nn ≥ C] =∞.
Noting that the random variables Nn are independent, by Borel-Cantelli lemma, we have
lim sup
n→∞
Nn ≥ C a.s.
This completes the proof. 
3. Proof of Lemma 2.2
In this section we will find a suitable function h such that the integral in Lemma 2.2 is
small enough. Comparing with the trace formula
tr(H∗g¯Hg¯) =
∫
D
∫
D
|g(z)− g(w)|2
|1− zw¯|4
dm(z)dm(w)
for g ∈ B in the classical Hankel operator theory in Bergman space [21], one may guess that
a function h on [0, 1] would satisfies the requirement in Lemma 2.2 if z 7→ g(z) = h(|z|)
has a small VMO norm, or the growth of such g is slow than the Poincare´ metric.
Recall that the Poincare´ metric on D is defined by
ρ(z1, z2) = log
1 + ϕz1(z2)
1− ϕz1(z2)
= log
|z1 − z2|+ |1− z¯1z2|
|z1 − z2| − |1− z¯1z2|
,
where ϕz1(z2) =
z2−z1
1−z¯1z2
is the Mobius transformation on the unit disc D. For 0 < r0 <
r < 1, we write
(3.13) h(t) = h(r0,r)(t) =


1 t ≤ r0
ρ(t,r)
ρ(r0,r)
r0 ≤ t ≤ r
0 t ≥ r
.
The following theorem implies our technique lemma in the above section.
Theorem 3.1. For fixed 0 < r0 < 1, we have that the integral∫
[0,1)
∫
[0,1)
|h(t)− h(s)|2
1
(1− st)2
dsdt
tends to 0 when ϕr0(r)→ 1.
Proof. When 0 < t, s < r0 or r < t, s < 1, then the expression of the integral is equal to
zero. So we shall estimate our integral over the following three domains
0 < t < r0 < r < s; r0 < t < s < r; r0 < t < r < s.
10 YANQI QIU AND KAI WANG
The first case: the integral (I) over the domain 0 < t < r0 < r < s can be calculated
explicitly.
(I) =
∫ r0
0
dt
∫ 1
r
ds
1
(1− st)2
=
∫ 1
r
ds
[
1
s(1− st)
∣∣∣r0
0
]
=
∫ 1
r
r0
1− r0s
ds
= log
1− r0r
1− r0
= log
1 + r0
1 + r0ϕr0(r)
.
Therefore, for fixed r0, the integral (I) tends to 0 when ϕr0(r)→ 1.
The second case: We estimate the integral (II) over the domain r0 < t < s < r:
(II) =
∫ r
r0
dt
∫ r
t
ds
ρ2(s, t)
ρ2(r0, r)
1
(1− st)2
.
By the substitutions t→ ϕr0(t), s→ ϕr0(s), we obtain
∫ r
r0
dt
∫ r
t
ds
ρ2(s, t)
ρ2(r0, r)
1
(1− st)2
=
∫ ϕr0 (r)
0
1− r20
(1 + r0t)2
dt
∫ ϕr0 (r)
t
1− r20
(1 + r0s)2
ds
ρ2(s, t)
ρ2(0, ϕr0(r))
1
(1− s+r0
1+r0s
t+r0
1+r0t
)2
=
∫ ϕr0 (r)
0
dt
∫ ϕr0 (r)
t
ds
ρ2(s, t)
ρ2(0, ϕr0(r))
1
(1− st)2
.
Now make the substitution s→ ϕt(s), we get
(II) =
∫ ϕr0 (r)
0
dt
∫ ϕr0 (r)
t
ds
ρ2(s, r)
ρ2(0, ϕr0(r))
1
(1− st)2
=
∫ ϕr0 (r)
0
dt
∫ ϕt(ϕr0 (r))
0
ds
ρ2(s, 0)
ρ2(0, ϕr0(r))
1
1− t2
≤
1
ρ2(0, ϕr0(r))
∫ ϕr0(r)
0
1
1− t2
dt
∫ 1
0
ρ2(s, 0)ds
=
C2
2ρ(0, ϕr0(r))
,
where C2 :=
∫ 1
0
ρ2(s, 0)ds <∞. Therefore, integral (II) tends to 0 when ϕr0(r)→ 1.
The third case: We now estimate the integral (III)
(III) =
∫ r
r0
dt
∫ 1
r
ds
ρ2(r, t)
ρ2(r0, r)
1
(1− st)2
.
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With the substitutions t→ ϕr(t), s→ ϕr(s), the change of variables formula yields that
(III) =
∫ r
r0
dt
∫ 1
r
ds
ρ2(r, t)
ρ2(r0, r)
1
(1− st)2
=
∫ 0
−ϕr0 (r)
dt
∫ 1
0
ds
ρ2(0, t)
ρ2(0, ϕr0(r))
1
(1− st)2
≤
1
ρ2(0, ϕr0(r))
∫ 0
−1
ρ2(t, 0)dt
∫ 1
0
ds
=
C2
ρ2(0, ϕr0(r))
.
Therefore, integral (III) tends to 0 when ϕr0(r)→ 1, which completes the proof. 
References
[1] J. M. Anderson, A. L. Shields, Coefficient multipliers of Bloch functions, Trans. Amer. Math. Soc.
224 (1976), no. 2, 255–265.
[2] A. M. Borodin, Determinantal point processes, Oxford Handbook of Random Matrix Theory, Oxford
University Press, Oxford (2011).
[3] A. I. Bufetov, Rigidity of determinantal point processes with the Airy, the Bessel and the Gamma
kernel, Bull. Math. Sci. 6(2016),163–172.
[4] A. I. Bufetov, Y. Dabrowski, Y. Qiu, Linear rigidity of stationary stochastic processes. Ergodic
Theory Dynam. Systems 38 (2018), no. 7, 2493–2507.
[5] A. I. Bufetov, P. P. Nikitin, Y. Qiu, On number rigidity for Pfaffian point processes. Mosc. Math. J.
19 (2019), no. 2, 217–274.
[6] A. I. Bufetov, S. Fan, Y. Qiu, Equivalence of Palm measures for determinantal point processes
governed by Bergman kernels, Probab. Theory Related Fields 172(2018), no. 1-2, 31–69.
[7] A. I. Bufetov, Y. Qiu, Determinantal point processes associated with Hilbert spaces of holomorphic
functions, Comm. Math. Phys. 351 (2017), no. 1, 1–44.
[8] S. Ghosh, Determinantal processes and completeness of random exponentials: the critical case, Prob-
ability Theory and Related Fields, 163(2015), 643–665.
[9] S. Ghosh, Palm measures and rigidity phenomena in point processes, Electron. Commun. Probab.
21 (2016), Paper No. 85, 14 pp.
[10] S. Ghosh, J. L. Lebowitz, Number rigidity in superhomogeneous random point fields, J. Stat. Phys.
166 (2017), no. 3-4, 1016–1027.
[11] S. Ghosh, J. L. Lebowitz, Fluctuations, large deviations and rigidity in hyperuniform systems: a
brief survey, Indian J. Pure Appl. Math. 48 (2017), no. 4, 609–631.
[12] S. Ghosh, Y. Peres, Rigidity and tolerance in point processes: Gaussian zeros and Ginibre eigenval-
ues, Duke Math. J. 166(2017), 1789–1858.
[13] A. E. Holroyd, T. Soo, Insertion and deletion tolerance of point processes, Electron. J. Probab. 18
(2013), 24 pp.
[14] J. Hough, M. Krishnapur, Y. Peres, B. Vira´g, Zeros of Gaussian analytic functions and determinantal
point processes, University Lecture Series, 51, American Mathematical Society, Providence, RI, 2009.
[15] O. Macchi, The coincidence approach to stochastic point processes, Advances in Appl. Probability,
7(1975), 83–122.
[16] H. Osada, T. Shirai, Absolute continuity and singularity of Palm measures of the Ginibre point
process, Probability Theory and Related Fields 165(2016), 725–770.
[17] C. Reda, J. Najnudel, Rigidity of the Sineβ process. Electron. Commun. Probab. 23 (2018), Paper
No. 94, 8 pp.
[18] T. Shirai, Y. Takahashi, Fermion process and Fredholm determinant, In Proceedings of the Second
ISAAC Congress, Vol. 1 (Fukuoka, 1999), vol. 7 of International Society for Analysis, its Applications
and Computation, pp. 15-23. Kluwer Academic Publishers, Dordrecht,2000.
12 YANQI QIU AND KAI WANG
[19] A. Soshnikov, Determinantal random point fields, Uspekhi Mat. Nauk 55 (2000), 107–160.
[20] A. Soshnikov, Gaussian limit for determinantal random point fields, Annals of probability 30(2001),
no. 1, 1–17.
[21] K. Zhu, Operator theory in function spaces, Mathematical Surveys and Monographs, 138, American
Mathematical Society, Providence, RI, 2007.
Yanqi QIU: Institute of Mathematics and Hua Loo-Keng Key Laboratory of Mathe-
matics, AMSS, Chinese Academy of Sciences, Beijing 100190, China.
E-mail address : yanqi.qiu@amss.ac.cn; yanqi.qiu@hotmail.com
Kai WANG: School of Mathematical Sciences, Fudan University, Shanghai, 200433,
China.
E-mail address : kwang@fudan.edu.cn
